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A new method is proposed to find the cutter contact (CC) points for both 3- and 5-axis 
CNC machining, and use this to determine measurement points using CMM. The first 
part of this research focuses on deriving a mathematical formulation to determine the 
CC points while using ball nose end mills and standard end mills to machine a given 
ruled surface, with a focus on surface finish operation.  Then, the freeform surface is 
measured, using the Gaussian curvature and mean curvature at each grid point. These 
measurements at each grid point on the free-form surface are classified then into 
concave, convex, or saddle point surface. This way boundary surfaces are allowed to 
vary. This allows for a more accurate way to measure free form surfaces by distributing 
sample points within each boundary patch (rather than rectangular or square patches as 
is conventional).  This will help the determination of upper and lower boundary for each 
patch, so that the free form surface is accurately measured. Simple experimental 
verification was done to demonstrate the validity of methods developed. 
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Chapter 1: Introduction 
1.1 Machining  
Roughing processes in machining are focused on a high rate of material 
removal, while finishing operations must produce fine finished and tight tolerances. 
In CNC machines, the selected tool will follow cutter contact points generated 
by the machine in an ordered fashion to remove material. This process of following the 
CC points in removing the material for machining is called tool topology (Lasemi, Xue, 
and Gu, 2010). This process of connecting the CC points in an ordered manner will 
affect the machining time (Zhou, Zhao, and  Li, 2015) and cost of machining of the 
product. Apart from this most widely used method, the tool path generation is affected 
by other parameters such as step over, scallop height, constant Z-axis usage (Z. Lin, Fu, 
Shen, Gan, and Yue, 2015). 
 
Figure 1. Machining process 
1.2 Types of CNC machine  
In many small and medium scale manufacturing industries, often 3-axis and 5-
axis CNC machines are most commonly used. A typical machining sequence from 
model to inspected data is illustrated in Figure 1. In 3-axis CNC machine only X, Y, Z 
2 
 
are controlled, but in 5-axis machines two additional movements (rotation and tilt) are 
also controlled in addition to the 3-axis.   
1.3 Tool path method  
In the directional parallel method, the toolpath generated is parallel to the 
reference line and the reference line is taken on the boundary of the machined product. 
The counter parallel method, the tool path is generated parallel to each other in a 
continuous inward manner (T. Chen and Shi, 2008). For the constant step-over method, 
the distance the tool moves for each turn made is constant, and this is often the default 
method used in Computer Aided Manufacturing (CAM) packages. Its biggest advantage 
is the finish looks very even all over the surface. However, there is a disadvantage that 
if there is a high load on the corners, the toolpath generation is difficult, and the finish is 
compromised. So there is always a tradeoff between the type of method used and the 
quality of the surface finish generated (Z. Lin et al., 2015).  
The other less widely used method is a Space-Filling Curve (SFC). In this 
method the tool path is generated with focus on reducing the length of the tool path 
traveling in a given direction. So, it has the disadvantage of having numerous turns on 
the machine surface, and the quality of the surface finish is not good when compared to 
other methods.   
1.4 Problem statement  
In this work the main goal is to find the cutter contact point of the machined 
surface and develop a new method for measuring the free form surface using surface 
partition. In the surface finish operation, the cutter will follow the path generated by the 
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CAM software based on the defined parametric U and W direction with constant step 
over. Measuring the free form surface is time consuming. In prior research the sample 
points were often distributed randomly in between the upper and lower boundary 
rectangular block and the sample points are optimized in order to reduce the measuring 
time. In this thesis the free surface is partitioned based on the Gaussian and mean 
curvature at each point in the free form surface in order to measure it. 
The ruled and free form surface is converted into a parametric equation, and by 
using the model created, the cutter contact and the cutter location for 3-axis and 5-axis 
CNC machines are found at the constant U and W direction. The cutter contact and 
cutter location are determined for the ball nose cutter and the model is validated with 
the CL points generated by the CAM software. 
The free-form surface converted to parametric equation is used, and the 
Gaussian and mean curvature values are found for each grid point. To avoid multiple 
patches on the surface, the curvature points are grouped into concave, convex and 
saddle. 
Experimental validation is carried out on the 3 different sample free form 
surfaces. It was observed that the method developed successfully divides and groups the 
surface into concave, convex and saddle region. 
In chapter 1 the importance of machining and various types of CNC machines 
are discussed. In chapter 2 the various parameters that affect the machining process and 
the importance of coordinate measuring machines (CMMs) in measuring ruled and free 
form surfaces is discussed.  In chapter 3, development of new methodology in finding 
the cutter contact point for given surface using ball nose and end mill cutter in finishing 
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operation is discussed. In chapter 4, the practical implementation in measuring the 
freeform surface by converting the surface into three regions based on the Gaussian 
curvature and mean curvature is discussed. Chapter 5 details inferences and highlights 
the future scope of the project.  
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Chapter 2: Related Work and Literature Review 
2.1 Machining parameters  
In machining processes that focus on surface finishing, often different tools are 
used to remove the material. Parameters for good surface finish include step depth, step 
over, type of tool, and tool diameter.  
2.1.1 Step depth 
The step depth denotes how much in-depth the tool can plunge into the surface 
in a single pass. General rule of thumb is that the step depth should be less than of the 
tool radius. Step depth is affected by type of cutter – coating, size of the cutter, etc. 
(Chang, 2015)  
2.1.2 Step Over 
Step over depends on the quality of the surface finish we need and the cutter 
diameter. It is a rule of thumb that step over is usually kept at 80% of the tool 
diameter.(Chang, 2015) 
2.1.3 Feed rate 
Feed rate (F) is defined as the rate at which the material is removed. Feed rate is 
measured as given below: 
F = Ft *N*n      (2) 
Ft is the feed rate per teeth for the cutter and N is the spindle speed, and n is the number 
of the tooth 
2.1.4 Scallop height 
Scallop is the amount of material which is left unmachined between two parallel 
tool passes. It is the difference between the designed surface and the machined surface. 
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Stepover and the tool diameter have an influence over the scallop height (Liu, Zhou, 
and An, 2012).  
2.1.5 Spindle speed 
Another critical parameter which will profoundly impact the surface finish is 
spindle speed. N denotes spindle speed measured in RPM.  
N =V / 3.142*D           (1) 
Where V is the cutting speed of the tool in (inch/min), and D is the diameter of the 
cutter in inches. In addition to these tool parameters, the type of tool material may also 
affect the machining characteristics. Carbide tools for instance are used for the 
machining of high strength materials such as hardened steels and nickel-based alloys. 
2.2 Tool for surface finish 
Most commonly used tools in machining freeform and sculptured surfaces are 
the ball end mill cutter. It is beneficial to use a single tool for surface finishing 
operations. There are various factors that decides tool selection: surface curvature, type 
of surface finish, and time needed for machining. 
2.2.1 Ball nose cutter 
Ball nose (Figure 4), cutter is frequently used in surface finish operation. The 
rule of thumb in choosing the ball nose cutter is to avoid local gouging and that is to 
increase cutter curvature to more than the maximum normal curvature of the machined 
surface. (Byoung K. Choi,1998) 
2.2.2 Endmill cutter 
End mill (Figure 2), cutter is used in surface finish operations for pocketing, 
slotting, and edge finishing. The criteria in selecting the endmill cutter is that the cutter 
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curvature is larger than the maximum normal curvature of the surface that needs to be 
machined.(Li & Zhang, 2004). 
2.3 Tool path method 
By considering all the parameters, the tool path is classified based on the 
quality, efficiency, and robustness. The primary objective of tool path generation is to 
connect all the cutter locations. This process is done two ways - one is by using cutter 
contact (CC) method, and the other is by the cutter location (CL) method. The primary 
aim of these two methods is to get smaller scallop height with shorter tool paths in 
machining that results in less cost and less machining time. 
In CC based method, CC points are produced based on the designed machine 
surface, and then it will be converted to CL points. This CC based method is used in 
PRO-E®. This method is further classified into three types: parametric method, guide 
plane, and drive surface (Chang, 2015). In the parametric method, there is a drawback 
of getting nonuniform scallop height because in the process of converting the 
parametric to Euclidian space an error results in non-uniform scallop height (Y. J. Lin & 
Lee, 1999). In drive surface method, the tool path is derived by connecting the design 
surface with many planes known as drive surfaces and this curve in the design surface 
are connected to form a tool path. This method is suitable for the very complex 
surfaces. Guide plane method is not used as much since it can only be applied to 3-axis 
machining (Xu & Newman, 2006). All the three methods in CC based tool path 
generation are explained. 
In CL based tool path generation method, CL surface needs to be generated from 
the machining surface during the design phase, and the difference is that the offset is 
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first generated, and then the tool path is generated on the offset surface which helps in 
providing good surface finish. 
 
Figure 2.  CL and CC offset for flat end mill cutter in 45 deg surface (Chang, 2015) 
Typical cutter contact, and cutter location point are shown in Figure 2. For this 
example, flat end mill cutter used, and the CL point does not intersect the CC point and 
the surface radius of the cutter used is 0.6 inch and this machining done on 3-axis 
machining on a 45*inclined plane, and the step over was taken as 1 inch. 
As the CC and CL line not on the same point, there will large amounts of 





Figure. 3 Scallop parameters (Chang,2015 ) 
 
In this case, the scallop height can be calculated by  
H = S *(cos γ) * sin γ     (3) 
Where H is the scallop height and γ is the slope angle of the design surface shown in 
Figure 3. If we use the ball nose cutter for the same condition, the CC and CL will 
coincide with each other. So, tool selection and the type of CNC axis selected affects 
surface finish. 
In ball nose cutter, the CL points is offset in Y and Z direction for 3-axis. The 
offset is calculated by 
Oy = R *sin γ           (4)  
OZ = R *(1-cos γ)   (5)    
Once the offset calculated, we can find the CL for X, Y and Z direction using the 








CL X = CC X    (6) 
CL y = CC Y - Oy  (7) 
CL Z = CC Z - OZ  (8) 
The main aim of a tool path is to improve the efficiency of the tool run and quality of 
the surface finish. They are broadly classified into two main types as: 1) Tool path 
generation based on the machining strip method and 2) Region-based free surface. 
Apart from this are many research works based on the tool path generated for the 
freeform surface.  
In the paper by (Ding, 2003) an analogy is drawn from lawn moving, where the 
free form surface is taken as a lawn with planted grass and the cutter must pass through 
the given tool path to cut the grass. Two approaches are suggested (ElKott, 2007). The 
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first step is the cutter toolpath placed in the cutter contact point on the surface and series 
of grass ring formed. Then this is converted into parametric view to calculate the next 
tool path. This process continues till the whole surface is covered in the machining 
software (Shunmugam, 1987).However, the method proposed is suitable only for the 
larger diameter cutter.  In case where a smaller diameter cutter is used for better surface 
finish, the toolpath generation could become time-consuming, resulting in high 
machining time. 
2.4 CMM measurement  
Measurement errors plays an important role in finding the actual dimension of 
the machined surface. CMM plays an important role in finding the dimension. CMM 
has a ruby ball which is attached to the machine which has two main errors one is probe 
compensation error and probe travel error. Apart from this there is a surface fitting error 
which occur during fitting the data points to recreate the model.  
2.5 Surface parameters 
2.5.1 Gaussian curvature 
Gaussian curvature is the product of the two-principle curvatures K1 and K2. It 
has high importance in finding the curvature of the surface at a point P. The Gaussian 
curvature is an intrinsic measure of the surface.  
2.5.2 Mean curvature 
Mean curvature is the average of the two-principal curvature K1 and K2. And it 
is considered as an extrinsic measure of the surface at a given point P. 
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2.6 Surface partition 
In the traditional machining, the tool path generated for the whole material 
region is treated as one. However, due to the complexity of the machining surface and 
maintaining the feed direction for getting the maximum strip and machining efficiency, 
in (Zhou et al., 2015) they have proposed a new method of dividing the complex surface 
into multiple sub-regions. The tool path is generated for each sub-region of the same 
material and helps to attain the regional machining surface and tensor machining 
property used for both the tool path generation and region subdivision for machining. 
They explained how to divide the complex surface into multiple sub-regions and to 
generate the tool path. They did not explain the critical point which will determine how 
to separate the complex surface into different sub-regions, and they did not explain how 
to implement this method for other complex free-form surfaces. In research by (Lasemi 
et al., 2010) they have given information about the recent developments in machining 
CNC freeform surfaces with main focus on tool geometry, tool orientation and toolpath 
generation. 
In (Z. C. Chen, Dong, & Vickers, 2003) the most important surface parameters 
such as K and H are considered to subdivide the entire freeform surface into subgroups. 
Here they used this method for roughing operation and grouped into convex, concave 
and saddle surfaces. Then the C-mean, Fuzzy clustering method is used to optimize the 
surface partition. However, there is a disadvantage in this method; the free form surface 
is subdivided to form too many patches. 
In (Roman, Bedi, & Ismail, 2006) the free form surface is subdivided into larger 
patches so there are fewer patches compared to (Z. C. Chen et al., 2003) . Here they 
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have used the K-means clustering algorithm for surface subdivision however this 
method also has a patch range from 1 to 15 which still considered as many patches 
which is based on how easy to machine to surface and tool orientation needed for each 
patch. In (Radzevich, 2007) they have used a focal surface for surface partition. 
However, this method is not applicable for all kinds of sculptured surface. In (Park and 
Choi, 2001), they have tried with the Z-map model. Using this model, they could extract 
the features like pockets, uncut and contour regions but it is difficult to get the Z-type 
model for a smooth free surface. 
Many challenges such as machining quality and efficiency need to be addressed. 
The new concept of curvature matched machining has an advantage over other methods 
like the Iso-scallop method. Moreover, there is always a tradeoff between the machined 
quality and machining surface. This issue is due to many factors such as tool selection, 
feed rate, type of machining surface, and tool path generation algorithm. 
Much research has been carried out in field of surface partition. Most the surface 
partition work is done in the field of machining and very few works have been taken in 
the field of metrology.   
In this work, we have introduced a new method to divide the surface into 3 




Chapter 3: Methodology 
3.1 Methodology 
In this paper, mathematical formulation is derived for the CC points and CL 
points determination. To find the relation between each parameter the tool orientation 
and axis orientation are studied in detail and the mathematical model is verified with 
PROE®. 
In mathematical modelling, we will initially convert the ruled surface into 
parametric form for getting a clear understanding of the ruled surface  
The overall methodology is explained below. 
1. Ruled surface model is created using SOLIDWORKS®.  
2. CAMWorks® is used to sequence the machining process.  
3. Parts are manufactured using 3-axis milling machine. 
4. CL data points are determined using the formulation, based on the type 
of cutting tool  
5.  MATLAB® is used to form the parametric surface and a program is used 
to classify the grid points based on the Gaussian and mean curvature  
6.  CMM is used to measure the machined parts and compare it with the 
ideal point 





Figure 5. Surface partition algorithm 
 
Figure 6. Ruled surface -PROE CREO®-CAD model 
The ruled part which needs to be machined is 4-inch-wide on one side and is 5-inch 
wide on the other end which as shown in the Figure 5. The length of the edge, P1P2, is 
taken as D12, and the length of the edge P3P4 is taken as D34. 
D12 =√42 + 02   = 2 inch 
D34 =√42 + 52  = 3 inch  
The scallop height (H) can be calculated by 
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H = R*(1- cos β)   (9) 
β = Sin-1 (S/ 2*R) (10) 
S34 = D34 / (number of passes -1)       (11) 
S12 = D12 / (number of passes -1)       (12) 
The step-over between each pass by cutter is denoted by S. 
PROE-CREO® creates the number of passes based on the midplane to reduce the 
scallop difference between the front and the back edge of the model. However, if the 
scallop is specified the number of passes, N, can be calculated by  
                 N = (Dm /S) +1     (13) 
3.2 Mathematical formulation 
For parametric conversion, first we need to convert the ruled surface into 
parametric form hence the X, Y, Z coordinates are converted into U and W parameter 
space, where U € [0,1] and W € [0,1]. The parametric representation of the Cartesian 
coordination of any point on the surface can found by this, and widely used and it will 
help us in getting the parametric values in the form of U and W. 
Let P1, P2 be the points in the space, the parametric representation in the straight 
line is given by  
P(U) = Px(U), Py(U), Pz (U)  (14) 
= (1-U) *P1+U*P2 = (1-U) * [P1x P1y P1z] + U*[ P2x P2y P2z]   (15) 
As the points in U € [0,1] equation 15 will become  
P(U) = (1-U) *P1 +P2*U      (16) 
Q(U) = (1-U) *P3 + P4*U    (17) 
By substituting in the equation, the points for parametric equation is  
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P1 = (0 ,0,0)      P2 = (0,4,0) 
P3= (10,0, -5)  P4= (10,4,0) 
The parametric equation for the given ruled surface in S (U, W) is  
S (U, W) = [Sx (U, W), Sy (U, W), Sz (U, W)] 
  = P(U) + W*[Q(U)- P(U)]  
   = (1-W) *P(U) + W *Q(U) 
= (1-W) [(1-U) *P1 +U*P2] + W * [(1-U) *P3 +U*P4]     (18) 
S (Ui,Wj )= (1-Wj) [(1-Ui)*P1 +Ui*P2 ] + Wj * [(1-Ui)*P3 +Ui*P4] (19) 
By using equation 18 we can find the Cartesian coordinates.  
For our model by substituting the points P1, P2, P3, P4 the Cartesian equation can 
be found from equation 18,  
S (U, W) = (10W, 4U, 5UW – 5 W)   (20) 
This equation, the CC lines are formed as straight lines. We can find the points Pi at any 
line of the CC points, and the respective U and W coordinates can found. Then the 
cutter orientation can also be found using the same way, and the normalized vector of 
the given parametric surface. 
Nn = (Tw *TU) / | Tw *TU|   (21) 
Tw = Tangent vector of the surface in W direction 
Tu = Tangent vector of the surface in U direction 
 
So, the tangent vector can be found by   
Tw= S (U, W), W = ðS (U, W) / ðW    (22) 
Tu= S (U, W), U = ðS (U, W) / ðU     (23) 
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Therefore   Tw   = [ 10, 0, 5U -5] 
            TU = [ 0,4,5W] 
 
So, Nn = (Tw *TU) / | Tw *TU| 
 
Tw *TU   =  |
𝑖 𝑗 𝑘




Tw *TU    = [-20U+20, -50 W ,40]   (24) 
 
Equation 24 will give a tangent point of the tool on the surface at any point in the ruled 
surface. 
3.3 CC point and tool orientation calculation for 5-axis CNC ball nose 
For 5 -axis CNC the CC and CL points will coincide regardless of the tool used. 
So, the CCX = CLX, CCY= CLY, CCZ= CLZ   
So, from the equation 19  
CCX = 10W, CCY = 4U, CCZ= 5WU- 5W 

















3.4 CC point and tool orientation calculation for 3-axis CNC ball nose 
 
             Figure 7. Tool offset for 3-axis ball-nose cutter (Obeidat, 2008) 
In 3 axis ball nose cutters, the CC points and CL point do not coincide. Hence, 
we could see the tool is offset in X and Y direction but not in Z direction as the Z 
direction is always normal. 
CCX = 10W, CCY= 4U, CCZ= 5WU- 5W 
 
Figure 8. Tool offset on an inclined plane (Chang,2015) 
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The CL point is offset from CC point by  
OX =   R* Nx 
OY = R* Ny 
      OZ =   R* (1-Nz) 
Moreover, the Cl data is obtained by  
CLX = CCX + OX 
CLY= CCY   + Oy 
CLZ= CCZ   + OZ 
3.5 CC point and tool orientation calculation for 3-axis CNC endmill 
The ball nose cutter in 3-axis the end mill cutter has offset, and it can be found 
by the following  
CCX = 10W, CCY= 4U, CCZ= 5WU- 5W 






















CLX = CCX + OX         CLy = CCy + Oy       CLZ = CCZ 
These equations help in generating the CC and CL points in CNC machine based on the 
type of tool used and axis which is used for the machining. for this experiment the 
common parameters for the tool path generation validation is given below. 
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3.6 Boundary conditions and parameters 
The below table was used as the parameter for the machining the part in PROE 
CREO® for 3 and 5 axis CNC Milling machines. 
Table 1: Parameters for Machining process 
 
Parameter Unit 
Stepover 1 inch 
Tolerance .001 inch 
Clear distance 1 inch 
Spindle speed 2000 rpm 
Tool diameter 1.2 inch 
feed rate 10 inch/ min 
 
The results of finding the CC points an CL points for the given model is given in the 













Chapter 4: Experiment and Results 
For verification, here we have taken the U and W value varied from 0 to 1. By 
using the range of U and W values, the CL and CC points of the tool based on CNC 
machine are found. From the PROE® result, by comparing the CCX, CCY, CCZ and tool 
orientation, we find that the X,Y,Z points coincide with the CL data at various U and W 
positions. By using the different values of U and W we can get the entire CC, CL points 
for the given surface. 
Table 2:   5-axis ball-nose cutter with CCX, CCY, CCZ  
u w CCx CCy CCz nx ny nz 
1.00 0.00 0 4 0 0 0 1 
1.00 0.16 1.6 4 0 0 -0.1961 0.9805807 
0.75 0.875 8.75 3 -1.094 0.08405 -0.73542 0.6723817 
0.75 0.47 4.7 3 -0.588 0.10716 -0.50363 0.8572467 
0.75 0.563 5.63 3 -0.704 0.10169 -0.57254 0.813549 
0.5 0.38 3.8 2 -0.95 0.22027 -0.41852 0.8810915 
0.5 0.281 2.81 2 -0.703 0.22957 -0.32255 0.9182909 
0 1 10 0 -5 0.29814 -0.74536 0.5962848 
 
As tool orientation plays a role, it will have an impact on the cutter contact with the free 
form surface and the cutter orientation will not be same as the 5- axis CNC machine as 
the 3-axis machine. 
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Table :3    3-axis ball-nose cutter by comparing the CLX, CLY, CLZ  
 
Table :4    3-axis flat-endmill cutter by comparing the CLX, CLY, CLZ positions 
 
For 3-axis CNC machine, the CL position for X, Y, Z position is also verified with 
PROE® model with respective U and V position in parametric method at random 
u w CCx CCy CCz nx ny nz Ox Oy Oz CLx CLy CLz
1.00 0.00 0.00 4.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00 0.00 4.00 0.00
1.00 0.15 1.50 4.00 0.00 0.00 -0.18 0.98 0.00 -0.11 -0.01 1.50 3.89 -0.01
1.00 0.50 5.00 4.00 0.00 0.00 -0.53 0.85 0.00 -0.32 -0.09 5.00 3.68 -0.09
0.75 0.47 4.72 3.00 -0.59 0.11 -0.51 0.86 0.06 -0.30 -0.09 4.78 2.70 -0.68
0.50 0.47 4.69 2.00 -1.17 0.21 -0.49 0.84 0.13 -0.30 -0.09 4.82 1.70 -1.27
0.50 0.56 5.62 2.00 -1.41 0.20 -0.56 0.80 0.12 -0.34 -0.12 5.74 1.66 -1.52
0.25 0.56 5.63 1.00 -2.11 0.29 -0.55 0.78 0.18 -0.33 -0.13 5.81 0.67 -2.24
0.00 0.00 0.00 0.00 0.00 0.45 0.00 0.89 0.27 0.00 -0.06 0.27 0.00 -0.06
0.00 1.00 10.00 0.00 -5.00 0.30 -0.75 0.60 0.18 -0.45 -0.24 10.18 -0.45 -5.24
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position. The entire tool orientation, CC points and CL points for 3-axis and 5-axis 
model can be found in PROE® “. ncl “separately. 
If we need to modify the CC points for any surface we can modify the number 
of CC points in between the lines and given as an input to MATLAB® . Using this 
mathematical model we can find the CC and CL point for any kind of ruled surface as 
well as for the freeform surface. 
4.1 Converting the surface to parametric form for free-form surface 
It is difficult to get the CL and CC points for the machined surface so there is 
need of new methodology for measuring the freeform surface. 
Once we confirmed the model which we derived is accurate enough to find the 
cutter location points we extended this method to the freeform surface. For designing 
the freeform surface CAMWorks® has been used. Regarding the freeform surface, we 
need to convert the freeform surface into parametric form by using the CAD Software 
Cubic curves are formed. For this work two freeform surfaces are formed and are 
converted to parametric surface equation in the form of U and W.  The value of U and 
W ranges from 0 to 3. Parametric surface equation is represented by the below equation. 
𝑆(𝑢, 𝑤) = [𝑆𝑥(𝑢, 𝑤), 𝑆𝑦(𝑢, 𝑤), 𝑆𝑧(𝑢,𝑤)]1𝑋3, (𝑢, 𝑤) ∈ [0,3]𝑋[0,3] (25) 
 
The parametric curves are combined to form the free surface using the curve P, 











−1/6 1/2 −1/2 −1/6
1 −15/6 2 −1/2
−11/6 3 −3/2 1/3














The parametric equation is provided to the CAD software and the curves are 
lofted to form the surface in SOLIDWORKS®. CAMWorks® is used to machine the 
surface virtually by sequencing the machining operation (roughing and finishing). Two 
scruptured surfaces have been designed and 3 replicates of each are machined using 3- 
axis milling machine. Cutter location (CL) was derived using the CAMWorks®. 
The parameters to machine all the freeform surfaces is maintained as constant 
for all the 3 samples. 
Table 5 : Parameter for machining the free-form surface 
Parameter Sample 1 Sample 2 Sample 3 
Speed (RPM) 2000 2000 2000 
Feed rate (IPM) 30 30 50 
Pattern slice slice slice 
Stepover 0.005 0.005 0.005 
Allowance 0 0 0 
Z allowance 0 0 0 
Directional zigzag zigzag zigzag 
Cutter Ball nose  Ball nose Ball nose 




4.2 Surface geometric parameter 
As discussed in chapter 2, the parameters for finding the Gaussian and mean 
curvature are explained here. Here E, F G are considered as the first fundamental parts 
of the parameters and L,M,N are considered as the second fundamental parts 
(Radzevich, 2007). 
  “n” is considered as the unit normal vector each point on the surface S (U, W). 
Where SU and SW are the unit tangent vector in U and W direction. 
E = ( S/ u )* ( S/ u) 
F = (  S/ u )* ( S/ v) 
G = (  S/ v )* ( S/ v) 
L = n*S / u2 
M = n*S2 / u  v 
N = n*S /v2 
n = (SU*SW) / | SU *SW |
 
The Gaussian curvature K 
  𝐾 = (𝐿𝑁 − 𝑀2 )/(𝐸𝐺 − 𝐹2)  
  K = Kmax * Kmin 








Kmax= H+√(𝐻2 − 𝐾) 
Kmax and Kmin are the principal curvature which is given by  
Kmax= H+√(𝐻2 − 𝐾) 
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Kmin= H-√(𝐻2 − 𝐾) 
The free-form surfaces are formed at the regular interval from the range of 0 to 3 using 
MATLAB® The grid points are formed at the intersection of the lines in U and W 
direction. 
 




Figure 10. Parametric free-form surface 1 (Shallow) 
Freeform surfaces representing the shallow and deep surfaces are shown in Figure 9 
and Figure 10 and the control points for both the free form surface is at four different 




Figure 11. Parametric free form Surface 2 (Deep) 
4.3 Separation model Explanation 
Step 1: 
 Specify parametric mathematical model of the sculptured or freeform surface in 
the U and W directions. 
Step 2: 
The grid points in the U and W directions, are generated from 0 to 3. 
Step 3:  
The Gaussian curvature and mean curvature at every grid point intersection is 
calculated. 
Step 4:  
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Group areas into convex, concave and saddle point. 
Condition 1: 
K >= 0 and H < 0: point is Convex  
Condition 2 
K >= 0 and H > 0: point is Concave 
Condition 3: 
K< 0 and H ≠ 0: point is saddle  
4.4 Region seperation and conditions 
The flow chart of the algorithm is shown in detail with the condition on how we 




Figure 12. Overall model flow  
Using MATLAB®, the Gaussian curvature and the mean curvature have been 
determined at each grid point and it is stored in the matrix and the sample Gaussian 
curvature and mean curvature matrix and values is shown in the Table 6 and Table 7. 
The dimension of the Matrices K and H are kept as 61*61. 
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Table 6. Sample Gaussian curvature matrix(K)   
 
Table 7. Sample mean curvature matrix(H)   
 
Then based on the values of K and H at each grid points, three different matrices 
M1, M2, and M3 are formed  
 
Figure 13. Matrix showing the region separation 
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To classify the surface, value 1 has been assigned to the matrix M1 which 
contain the convex and plane surface and value 2 has been assigned to the matrix M2 
which contain Concave surface and value 3 to matrix M3. The Matrix M4 is formed by 
combining all the three matrices M1, M2, and M3 which is of same dimension as the 
matrices K and H.  
Based on the value of the matrix M4, the surface separation is done using 
Excel® Conditional formatting. and the boundary is formed on the region where the 
values at each grid point is different. From the Table 14 and Table 15, we could see the 
grid points are separated based on the Gaussian and mean curvature into concave, 
convex, and saddle points and each grid point have the unique U and W position which 
is then mapped to the X, Y location of the machined surface, so that points can be 
measured. 
 
Figure 14. Boundary separation -Surface_deep 
From the data points of the sculpture surface2, the surface is divided based on the 
values, and it is color coded based on the values assigned from 1 to 3 depending on the 
surface. It is found that for the given freeform surface, six patches are formed, and 




Figure 15. Boundary separation -Surface_Shallow 
BROWN & SHARPE® CMM PFX454 system was used for measuring the 
machined aluminum-6061 surface. 4mm ruby ball probe of 30 mm length was used for 
all the experiments to keep the measurement error constant. The ruby ball is calibrated 
before measuring. PC-DMIS 2011® software was used in CMM program to inspect the 
points at calculated locations. To maintain the consistency all the samples were run 
through the same datapoint.  
The test results confirm that the algorithm successfully divides the surface based 
on the Gaussian and mean curvature value at each grid points and the maximum error 
for the positive and negative side was taken into consideration and the results are in the 









Table 8. Maximum error between the measured and calculated points 
Surface 
Sample 
# x (inch) Y (inch) z (inch) 
Surface _shallow 
sample 1 0.0695 0.0245 0.07 
sample 2 0.024 0.081 0.026 
sample 3 0.015 0.064 -0.012 
Surface _Deep 
sample 1 0.045 0.027 0.0624 
sample 2 0.0124 0.0244 0.128 



















Chapter 5: Conclusion and future scope 
In this work a new methodology for finding the cutter contact position for 
measuring the ruled and freeform surface has been introduced. The mathematical 
formula which we derived is used to find the cutter location and tool orientation for 
both 3-axis and 5-axis CNC machines. Here we have implemented a separate method 
for finding the cutter contact point for ball nose mill and standard end mill. The 
datapoints derived from the mathematical formulation is compared with commercial 
software. We can extend this work by using the CL data file to find the dimension of the 
part without the use of parametric equation. As the parametric equation of the complex 
profile is difficult to derive in real world. This establish the interconnected systems by 
combining the machining and measuring in production plant. 
 For freeform surface a new method was developed to form subgroup areas by 
separating the areas into concave, convex and saddle regions based on the Gaussian and 
mean curvature of the freeform surface. By separating the area into many sub regions, 
we can further optimize the measuring points based on the local area irrespective of the 
complex surface. This will eliminate the time in measuring the complex surface and 
boundary are formed based on the surface curvature not on patches. 
 We can extend the research work by applying aligned, random and stratified 
sampling techniques within each sub region, and optimizing the number of sampling 
points needed to calculate the form error and position of the surface and compare it with 
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Appendix A: MATLAB® coding 
Calculating Ruled and Free form surface equation  
syms u; 
a = [u 1]; 
b = [-0.416 0.416;1 0]; 
c1 = [0 0.23 0; 2.4 0.65 0]; 
c2 = [0 0.75 3; 2.4 1.40 3]; 
first = a * b; 
pu = first * c1; 
qu = first * c2; 
syms w; 
sur_eqn = (1-w)*pu + w*qu; 
N = 18; 
u = linspace(0,2.4,N); % Plot points in U direction to 2.4  
w = linspace(0,3,N); % Plot points in W direction to 3 inch  
px = [0 2.4]; 
pz = [0.23 0.65]; 
py = [0 0]; 
qx = [0 2.4]; 
qz = [0.75 1.4]; 
qy = [3 3]; 
 % Plot points along U direction from 1 to 18 
 
for i = 1:1:N 
 Sx = (624*u(i)*w)/625 - (624*u(i)*(w - 1))/625; 
 Sz = w*((169*u(i))/625 + 3/4) - ((546*u(i))/3125 + 23/100)*(w - 1); 
 Sy = w.*ones(1,N); 
 plot3(Sx,Sy,Sz) 
 hold on 
end 
  % Plot points along W direction from 1 to 18 
for i = 1:1:N 
  Sx = (624*u*w(i))/625 - (624*u*(w(i)- 1))/625; 
  Sz = w(i)*((169*u)/625 + 3/4) - ((546*u)/3125 + 23/100)*(w(i) - 1); 
  Sy = w(i).*ones(1,N); 
















Free form surface 1: shallow  
 
syms u 
b = [-1/6 1/2 -1/2 -1/6; 1 -15/6 2 -1/2; -11/6 3 -3/2 1/3; 1 0 0 0]; 
c = [u (1/10)*u^3-(21/40)*u^2+(5/8)*u+0.12 0;  
    u (-2/25)*u^3+(7/25)*u^2-(3/25)*u+0.04 1;  
    u (1/25)*u^3-(1/5)*u^2+(1/5)*u+0.2 2;  
    u (-1/30)*u^3+(1/8)*u^2-(1/24)*u+0.05 3]; % Curve equation - p q r 
syms w 
a = [w^3 w^2 w 1]; 
first = a*b 
surface_eqn = first*c % Lofted surface equation for curves p, q, r, t  
N = 21; 
u = linspace(0,3,N); % Plot points in U direction to 3 inch  
w = linspace(0,3,N);  % Plot points in W direction to 3 inch                                                                                       
px = [0 1 2 3]; 
pz = [0.12 0.32 0.07 -0.03]; 
py = [0 0 0 0]; 
qx = [0 1 2 3]; 
qz = [0.04 0.12 0.28 0.04]; 
qy = [1 1 1 1]; 
rx = [0 1 2 3]; 
rz = [0.2 0.24 0.12 0.08]; 
ry = [2 2 2 2]; 
tx = [0 1 2 3]; 
tz = [0.05 0.1 0.2 0.15]; 
ty = [3 3 3 3]; 
 % Plot points along u direction from 1 to 21 
 
for i = 1:1:N 
  Sx = u(i)*(w.^3/2 - (5*w.^2)/2 + 3*w) - u(i)*(w.^3/2 - 2*w.^2 + 
(3*w)/2) + u(i)*((w.^3)/6 - (w.^2)/2 + w/3) - u(i)*(w.^3/6 - w.^2 + 
(11*w)/6 - 1); 
  Sz = -(w.^3/2 - 2*w.^2 + (3*w)/2)*(u(i)^3/25 - u(i)^2/5 + u(i)/5 + 
1/5) - (w.^3/6 - w.^2/2 + w/3)*(u(i)^3/30 - u(i)^2/8 + u(i)/24 - 1/20) 
- (w.^3/2 - (5*w.^2)/2 + 3*w)*((2*u(i)^3)/25 - (7*u(i)^2)/25 + 
(3*u(i))/25 - 1/25) - (u(i)^3/10 - (21*u(i)^2)/40 + (5*u(i))/8 + 
3/25)*(w.^3/6 - w.^2 + (11*w)/6 - 1); 
  Sy = w.*ones(1,N); 
  plot3(Sx,Sy,Sz) 
  hold on 
end 
 % Plot points along v direction from 1 to 21 
for i = 1:1:N 
  Sx = u*(w(i)^3/2 - (5*w(i)^2)/2 + 3*w(i)) - u*(w(i)^3/2 - 2*w(i)^2 + 
(3*w(i))/2) + u*(w(i)^3/6 - w(i)^2/2 + w(i)/3) - u*(w(i)^3/6 - w(i)^2 
+ (11*w(i))/6 - 1); 
  Sz = -(w(i)^3/2 - 2*w(i)^2 + (3*w(i))/2)*(u.^3/25 - u.^2/5 + u/5 + 
1/5) - (w(i)^3/6 - w(i)^2/2 + w(i)/3)*(u.^3/30 - u.^2/8 + u/24 - 1/20) 
- (w(i)^3/2 - (5*w(i)^2)/2 + 3*w(i))*((2*u.^3)/25 - (7*u.^2)/25 + 
(3*u)/25 - 1/25) - (u.^3/10 - (21*u.^2)/40 + (5*u)/8 + 3/25)*(w(i)^3/6 
- w(i)^2 + (11*w(i))/6 - 1); 
  Sy = w(i).*ones(1,N); 
  plot3(Sx,Sy,Sz) 
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Free form surface: 2: Deep  
 
syms u 
b = [-1/6 1/2 -1/2 -1/6; 1 -15/6 2 -1/2; -11/6 3 -3/2 1/3; 1 0 0 0]; 
c = [u (1/10)*u^3-(21/40)*u^2+(5/8)*u+0.12 0;  
    u (-2/25)*u^3+(7/25)*u^2-(3/25)*u+0.04 1;  
    u (1/25)*u^3-(1/5)*u^2+(1/5)*u+0.2 2;  
    u (-1/30)*u^3+(1/8)*u^2-(1/24)*u+0.05 3]; % Curve equation - p q r 
and t 
syms w 
a = [w^3 w^2 w 1]; 
first = a*b; 
surface_eqn = first*c; % surface equation for curves p, q, r and t 
N = 21; 
u = linspace(0,3,N); 
w = linspace(0,3,N);                                                                                          
px = [0 1 2 3]; % curve p points 
pz = [0.12 0.32 -0.20 -0.03]; 
py = [0 0 0 0]; 
qx = [0 1 2 3]; % curve q points 
qz = [0.04 -0.32 0.28 0.24]; 
qy = [1 1 1 1]; 
rx = [0 1 2 3]; % curve r points 
rz = [0.2 0.24 0.-30 0.08]; 
ry = [2 2 2 2]; 
tx = [0 1 2 3]; % curve t points 
tz = [-0.05 0.1 0.25 -0.15]; 
ty = [3 3 3 3]; 
%% 
% Plot points along u direction from 1 to N 
for i = 1:1:N 
  Sx = u(i)*(w.^3/2 - (5*w.^2)/2 + 3*w) - u(i)*(w.^3/2 - 2*w.^2 + 
(3*w)/2) + u(i)*((w.^3)/6 - (w.^2)/2 + w/3) - u(i)*(w.^3/6 - w.^2 + 
(11*w)/6 - 1); 
  Sz = -(w.^3/2 - 2*w.^2 + (3*w)/2)*(u(i)^3/25 - u(i)^2/5 + u(i)/5 + 
1/5) - (w.^3/6 - w.^2/2 + w/3)*(u(i)^3/30 - u(i)^2/8 + u(i)/24 - 1/20) 
- (w.^3/2 - (5*w.^2)/2 + 3*w)*((2*u(i)^3)/25 - (7*u(i)^2)/25 + 
(3*u(i))/25 - 1/25) - (u(i)^3/10 - (21*u(i)^2)/40 + (5*u(i))/8 + 
3/25)*(w.^3/6 - w.^2 + (11*w)/6 - 1); 
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  Sy = w.*ones(1,N); 
  plot3(Sx,Sy,Sz) 
  hold on 
end 
  
% Plot points along w direction from 1 to N 
for i = 1:1:N 
  Sx = u*(w(i)^3/2 - (5*w(i)^2)/2 + 3*w(i)) - u*(w(i)^3/2 - 2*w(i)^2 + 
(3*w(i))/2) + u*(w(i)^3/6 - w(i)^2/2 + w(i)/3) - u*(w(i)^3/6 - w(i)^2 
+ (11*w(i))/6 - 1); 
  Sz = -(w(i)^3/2 - 2*w(i)^2 + (3*w(i))/2)*(u.^3/25 - u.^2/5 + u/5 + 
1/5) - (w(i)^3/6 - w(i)^2/2 + w(i)/3)*(u.^3/30 - u.^2/8 + u/24 - 1/20) 
- (w(i)^3/2 - (5*w(i)^2)/2 + 3*w(i))*((2*u.^3)/25 - (7*u.^2)/25 + 
(3*u)/25 - 1/25) - (u.^3/10 - (21*u.^2)/40 + (5*u)/8 + 3/25)*(w(i)^3/6 
- w(i)^2 + (11*w(i))/6 - 1); 
  Sy = w(i).*ones(1,N); 
  plot3(Sx,Sy,Sz) 



















syms u w; 
% Parametric equation in U and W form  
 
Sx = u*(w^3/2 - (5*w^2)/2 + 3*w) - u*(w^3/2 - 2*w^2 + (3*w)/2) + 
u*((w^3)/6 - (w^2)/2 + w/3) - u*(w^3/6 - w^2 + (11*w)/6 - 1); 
Sz = -(w^3/2 - 2*w^2 + (3*w)/2)*(u^3/25 - u^2/5 + u/5 + 1/5) - (w^3/6 
- w^2/2 + w/3)*(u^3/30 - u^2/8 + u/24 - 1/20) - (w^3/2 - (5*w^2)/2 + 
3*w)*((2*u^3)/25 - (7*u^2)/25 + (3*u)/25 - 1/25) - (u^3/10 - 
(21*u^2)/40 + (5*u)/8 + 3/25)*(w^3/6 - w^2 + (11*w)/6 - 1); 
Sy = w; 
d1rzu=diff(Sz,'u',1);% first derivative of Z with respect to "U" 
d1rzw=diff(Sz,'w',1);% first derivative of Z with respect to "W" 
r=[Sx;Sy;Sz]; 
d1rw=diff(r,'w',1); % First derivative of the surface equation with 
respect to "W" 
d2rw=diff(r,'w',2); % Second derivate of the surface equation with 
respect to "W"  
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d1r=diff(r,'u',1); % First derivative of the surface equation with 
respect to "U" 
d2r=diff(r,'u',2); % Second derivative of the surface with respect to 
"U" 











KC =(l*h -m^2)/(e*g-f^2);   % Gaussian curvature 
H=1/2*((e*h -2*f*g)/(e*g-f^2)); % Mean curvature 
c=1; 
emptygc=[]; % initial empty matrix to store the Gaussian curvature  
emptymean=[]; % initial empty matrix to store the Mean curvature 
 
for u=0:0.05:3 % U value ranges from o to 3 on the increment of 0.05 
    r=1; 
    for w=0:.05:3 
 





    end 
    c=c+1; 
end 




% Conditions for grouping the Gaussian points and Mean points  
 
for m=1:61 
    for o=1:61 
        if emptygc(m,o)>=0 && emptymean(m,o)<0 % Condition to store 
the Convex and Plane points 
        emptyM1(m,o)=1; 
        else if emptygc(m,o)>=0 && emptymean(m,o)>0 % Condition to 
store the Concave points  
        emptyM1(m,o)=2; 
        else 
        emptyM1(m,o)=3; % condition to store the Saddle points 
        end 
            
        end 




NOMENCLATURE   
CCx = cutter contact point in X direction  
CLx = cutter location point in X direction  
CCy = cutter contact point in Y direction  
CLy = cutter location point in Y direction 
CCz = cutter contact point in Z direction  
CLz = cutter location point in Z direction 
U     = Parameter in X direction    
W    = Parameter in Y direction  
N     = spindle speed     
F      = feed rate 
n      = number of teeth     
Ft        = feed per teeth  
D     = Tool diameter    
V     = Cutting speed  
H     = Scallop height     
S      = step over 
Γ      = slope angle of the design surface                 
Oi    = offset in X, Y, Z direction  
TW   = Tangent point in W direction   
TU    = Tangent point in U direction 
R     = Radius of the cutter 




Appendix B: Ruled surface measuring points  
 
CMM actual measured Calculated ideal Points 
X(inch) Y(inch) Z(inch) X(inch) Y(inch) Z(inch) 
2.0429 0.2427 0.8109 2.0419 0.2447 0.81 
2.0388 0.6675 0.7332 2.0377 0.665 0.7312 
2.0341 1.1458 0.6457 2.0321 1.1478 0.64 
2.0309 1.4754 0.5854 2.0319 1.4754 0.454 
2.0258 1.9939 0.4903 2.016 1.9769 0.5 
2.022 2.3866 0.4182 2.02 2.356 0.4282 
2.0174 2.861 0.3314 2 2.881 0.3321 
1.446 2.8554 0.4341 1.4424 2.855 0.4321 
1.4515 2.2904 0.5487 1.4545 2.315 0.522 
1.4555 1.8737 0.633 1.45 1.8654 0.6312 
1.4611 1.3013 0.7486 1.463 1.209 0.752 
1.4646 0.9484 0.8199 1.465 0.9487 0.829 
1.4679 0.607 0.8884 1.458 0.6 0.883 
1.4709 0.296 0.9509 1.451 0.295 0.9785 
1.0198 0.2916 1.0703 1.0123 0.2945 1.053 
1.0155 0.734 0.9751 1.015 0.7344 0.9651 
1.011 1.1883 0.877 1.01 1.1895 0.8677 
47 
 
1.004 1.9056 0.7217 1 1.9025 0.725 
1.0001 2.3028 0.6355 1 2.318 0.6255 
0.9948 2.8375 0.5195 0.995 2.8325 0.5255 
0.505 2.8328 0.61 0.5 2.8312 0.6 
0.5114 2.1644 0.7657 0.5024 2.1657 0.7695 
0.5158 1.7172 0.8695 0.5148 1.7248 0.8595 
0.5216 1.1194 1.008 0.5228 1.1184 1 
0.5255 0.7286 1.0986 0.5251 0.7216 1.092 
0.5286 0.4084 1.1726 0.5262 0.4025 1.1666 
0.1799 0.4049 1.2638 0.178 0.4027 1.268 
0.1751 0.8955 1.1449 0.175 0.955 1.1349 
0.1691 1.4978 0.9988 0.1678 ]1.5 1 
0.1629 2.1345 0.8441 0.1665 2.198 0.851 






















Appendix C: Free from surface1-sample 3 measurement points 
CMM measured points Calculated Points  
X (inch) Y (inch) Z (inch) X (inch) Y (inch) Z (inch) 
2.5977 0.2017 1.3045 2.5954 0.2029 1.3041 
2.0915 0.2013 1.2495 2.0936 0.2023 1.2495 
1.3961 0.1777 1.2781 1.3969 0.1802 1.2786 
0.7163 0.1768 1.2475 0.7177 0.1791 1.2486 
0.2861 0.3219 1.1731 0.2882 0.3205 1.1735 
0.8598 0.5171 1.3835 0.8581 0.5157 1.3826 
1.4327 0.5435 1.3634 1.4313 0.5416 1.3635 
1.8022 0.6842 1.2856 1.8017 0.6827 1.2856 
2.3182 0.6848 1.2786 2.3182 0.6834 1.2785 
2.318 1.0074 1.3019 2.3179 1.0068 1.3018 
2.0918 0.9989 1.283 2.0927 1.001 1.2833 
1.4747 1.0527 1.394 1.4753 1.051 1.3938 
0.8129 1.0519 1.4283 0.814 1.0504 1.4284 
0.3761 1.2072 1.3298 0.3772 1.2059 1.3298 
0.8781 1.3138 1.4235 0.8777 1.3136 1.4234 
1.3306 1.3144 1.4106 1.3306 1.3141 1.4106 
1.8073 1.3293 1.3421 1.8072 1.3276 1.342 
2.3552 1.4466 1.3441 2.355 1.4462 1.3441 
49 
 
1.5571 1.5383 1.3735 1.5572 1.5367 1.3735 
0.6936 1.5373 1.3882 0.6934 1.5357 1.3883 
0.2358 1.8525 1.4281 0.2365 1.8526 1.428 
0.5225 1.9555 1.3819 0.5221 1.9555 1.382 
0.9228 1.956 1.3179 0.9218 1.956 1.318 
1.634 2.0631 1.3659 1.6341 2.0618 1.3659 
2.4767 2.1531 1.3726 2.4759 2.1516 1.3727 
2.0009 2.2233 1.4204 2.0011 2.222 1.4203 
1.788 2.2231 1.3945 1.7883 2.2217 1.3946 
1.2556 2.3085 1.2664 1.2562 2.3076 1.2665 
0.7977 2.4828 1.2482 0.7986 2.4826 1.248 
1.1233 2.729 1.2056 1.1225 2.7288 1.2055 
1.5877 2.7296 1.3265 1.5876 2.7294 1.3264 
2.0355 2.7301 1.4168 2.0359 2.7299 1.4169 
2.4236 2.7306 1.377 2.4228 2.7303 1.3772 
2.6771 2.7308 1.3109 2.677 2.7306 1.3109 
0.2124 2.3358 1.4588 0.2126 2.3379 1.458 
0.5895 2.1301 1.3541 0.5896 2.1308 1.354 
0.9984 2.0494 1.294 0.9978 2.0513 1.2937 
1.745 1.8916 1.3795 1.7444 1.8931 1.3795 
2.2416 1.5373 1.3518 2.2405 1.5379 1.3518 
1.7266 1.1951 1.3439 1.7266 1.1957 1.3439 
50 
 
1.0908 1.1944 1.444 1.0911 1.195 1.4439 
1.0911 0.7859 1.4491 1.0915 0.7866 1.4491 
1.0918 0.1452 1.2725 1.0922 0.146 1.2728 
0.3963 0.1443 1.1842 0.3964 0.1452 1.1842 
0.1145 0.7845 1.1881 0.1169 0.7844 1.1886 
0.1136 1.6564 1.4644 0.1159 1.6483 1.4624 
0.2494 2.255 1.4511 0.2473 2.2549 1.4516 
0.8373 2.968 1.1971 0.8361 2.968 1.1971 
0.2301 2.9675 1.3009 0.2304 2.9673 1.3009 
1.9334 2.9696 1.3806 1.933 2.9693 1.3806 
2.501 2.9373 1.3477 2.5002 2.9395 1.347 
2.7864 2.6703 1.2803 2.7855 2.6711 1.2805 
2.7874 1.8219 1.3279 2.7864 1.8224 1.3279 
2.8018 0.7081 1.4497 2.8018 0.7081 1.4497 
2.8022 0.4758 1.3585 2.7997 0.4776 1.3583 
2.0808 0.7358 1.2592 2.0113 0.7356 1.2591 
1.6567 1.2081 1.3577 1.6574 1.2081 1.3575 
1.4441 1.6265 1.3733 1.4456 1.6265 1.3732 










Appendix D: Free from surface2 -sample3 
CMM Measured points  Calculated points  
X (inch) Y (inch) Z (inch)  X (inch) Y (inch) Z (inch)  
2.6664 0.0606 0.9509 2.6661 0.0609 0.9514 
2.3146 0.3679 1.1465 2.3142 0.3677 1.1465 
2.894 0.8232 1.277 2.8941 0.8232 1.2774 
2.2156 1.2371 1.3148 2.2156 1.2389 1.3145 
2.4554 1.5612 1.2213 2.4553 1.561 1.2216 
2.8493 1.742 1.1224 2.8593 1.7423 1.1229 
2.5062 2.1573 1.038 2.5062 2.1552 1.04 
2.9228 2.4317 0.9775 2.9228 2.4315 0.9872 
2.0611 3.0531 1.19 2.0621 3.0394 1.156 
0.8742 3.0396 1.034 0.8744 3.0385 1.036 
0.2906 2.7311 1.0686 0.2911 2.7315 1.0679 
0.3099 2.0904 1.234 0.3041 2.0909 1.2344 
0.121 1.1717 0.9194 0.126 1.172 0.9195 
0.6183 0.973 0.5945 0.6185 0.9735 0.5947 
0.6633 2.0239 1.2385 0.6632 2.0239 1.2386 
0.3646 0.1521 1.2144 0.3645 0.1521 1.2145 
1.4722 0.1782 1.1877 1.4722 0.1782 1.2149 
1.5675 0.8114 1.0239 1.5677 0.8147 1.0965 
0.9063 1.4841 0.8416 0.9065 1.4841 0.8418 
52 
 
1.7109 1.6363 1.0715 1.7111 1.6364 1.0715 
1.1386 2.0764 1.2275 1.1384 2.0764 1.2277 
0.6674 2.8779 1.0565 0.6677 2.878 1.0568 
2.1995 2.7899 1.227 2.199 2.7899 1.2269 
0.1887 0.8775 0.8282 0.1886 0.8775 0.8285 
0.2332 1.3116 0.8596 0.23325 1.3115 0.859 
0.2638 0.1343 1.1916 0.2636 0.1343 1.1914 
0.2775 2.9733 0.949 0.2776 2.9735 0.9495 
0.6809 2.9274 1.0361 0.6807 2.9283 1.037 
2.0798 2.0976 1.0896 2.0785 2.0777 1.0875 
1.8581 1.5113 1.1118 1.8581 1.51128 1.1114 
1.5368 1.4598 0.9946 1.5366 1.459 0.9956 
1.0892 1.3637 0.7908 1.089 1.3631 0.7901 
0.7461 1.1815 0.6127 0.7451 1.1814 0.6129 
0.1941 1.1621 0.8372 0.1942 1.1622 0.8372 
0.1959 0.6723 0.8918 0.196 0.6715 0.8917 
0.4564 0.2468 1.1833 0.4559 0.2465 1.1835 
1.1204 0.1925 1.2337 1.1204 0.1925 0.2336 
1.8442 0.3299 1.1398 1.8446 0.3289 1.1397 
1.8393 0.7618 1.1708 1.835 0.7614 1.1706 
1.852 1.1843 1.1554 1.8521 1.1846 1.1559 
2.2989 1.1894 1.3526 2.279 1.1895 1.3546 
53 
 
2.7522 1.3183 1.3112 2.7527 1.3173 1.3115 
2.7626 0.4532 1.1711 2.7636 0.4544 1.1719 
2.2049 0.1568 1.0486 2.2055 0.1564 1.0481 
1.4211 0.1479 1.2016 1.4215 0.1477 1.2016 
1.2959 2.1296 1.2229 1.296 2.1295 1.123 
0.6548 2.1223 1.2645 0.6547 2.1228 1.2649 
0.2585 2.0251 1.2163 0.2582 2.0254 1.2167 
0.25 2.7771 1.0411 0.2541 2.7776 1.2165 
1.186 2.7878 1.1924 1.1896 2.7882 1.1945 
2.0556 2.7967 1.2458 2.0564 2.7966 1.1965 
2.3194 2.3056 1.0932 2.3199 2.3065 1.0937 
2.5765 1.7705 1.1194 2.5755 1.7704 1.1194 
2.5847 1.0599 1.4035 2.5846 1.0594 1.4035 
2.78 0.293 1.0777 2.7821 0.2945 1.0774 
2.7576 2.2872 1.0148 2.7586 2.2875 1.0144 
1.7204 2.2301 1.1806 1.7215 2.2312 1.1807 
0.9772 2.1772 1.2649 0.9776 2.1774 1.2634 
0.2457 2.1688 1.2278 0.2455 2.1689 1.2275 
 
